Abstract. The forgetful functor U : V G Ñ V from the monoidal category of Eilenberg-Moore coalgebras for a cocontinuous Hopf comonad G induces a change of base functor Ă U : V G -Mod Ñ V -Mod that creates left Kan extensions. This has implications for characterizing the absolute colimit completion of V G -categories. A motivating example was the category of differential graded abelian groups obtained as the category of coalgebras for a Hopf monoid in the category of abelian groups.
Introduction
Bicategories in the sense of Bénabou [1] include 2-categories and are extensively used in the literature. For morphisms between bicategories we can take the general ones defined in [1] (also called lax functors [9] ), or choose strict, pseudo or oplax functors (in the terminology of [4] ) depending on whether the composition and identity constraints are equalities, isomorphisms or have their directions reversed. Here, we will also use a more exotic kind of morphism, 2-sided enriched category [5] which is a common generalisation of hom-enriched category and lax functor. In Section 2 we review the necessary definitions and set up notation used in the rest of the paper.
Hopf monoidal comonads [3] , or dually Hopf opmonoidal monads [2] , generalise tensoring with a Hopf monoid. The former are comonads in the 2-category of monoidal categories, monoidal functors and monoidal natural transformations, in the sense of [8] , with a Hopf condition: the fusion maps are invertible. This all generalises to comonads in Caten, which is the subject of Section 3.
Kan extensions and liftings envelope various categorical notions including adjunctions (hence duals) and (weighted) (co)limits. Yet, not much has been said on when these notions are preserved or reflected. In [12] Weber described conditions under which the forgetful functor from the bicategory of pseudo-algebras for a 2-monad on a bicategory B reflects left Kan extensions. The main result of our paper, given in Theorem 4.1, is that a forgetful functor from the bicategory of coalgebras for a Hopf comonad in Caten creates left extensions, generalising the result of [3] that the forgetful functor from the category of coalgebras for a Hopf monoidal comonad is strong closed. Furthermore we give conditions for the change of base of enrichment to be of the same type. We then apply the theorem to monoidal comonads whose coalgebras are graded, or differential graded, abelian groups [7] .
Enrichment on two sides
We now quickly review some material from [5] . To shorten notation a little, we sometimes denote the hom category V pV, V 1 q of a bicategory V by V V 1 V . Horizontal composition in V will be denoted by tensor product b.
There is a simple kind of tricategory denoted by Caten. Objects of Caten are bicategories for which we use symbols such as V , W , and so on. Arrows A : W Ñ V are called 2-sided enriched categories. Such an A consists of:
‚ a set ObA of objects A, A 1 , and so on, together with a span
ObA
ObW ObV p´q´p´q` ( 1) assigning to each object A an object A´in W and A`in V ‚ homs A pA, A 1 q, also denoted A
A , defined to be functors A
‚ unit and composition natural transformations
satisfying unit and associativity laws. Composition of 2-sided enriched categories is given by composition of the spans (pullback), composition of the functors defining homs, and pasting of the unit and multiplication natural transformations.
A 2-cell F : A Ñ B is an (enriched) functor consisting of ‚ a map of spans ObF ":
which means a function between the object sets such that pF Aq´" A´, and pF Aq`" A`(5)
‚ natural transformations
which are compatible with the unit and multiplication of A and B. A 3-cell ψ : F Ñ E is an (enriched) natural transformation with components ψ A : 1 A`ñ B EA F A 1 A´( 7) satisfying an enriched naturality condition (the omitted coherence 2-cells in V can be found included in [5] )
All axioms, compositions, whiskerings, and the fact that Caten is a tricategory are explained in detail in [5] .
Example 2.1. When W " 1, A is precisely a category enriched in the bicategory V .
Example 2.2. When ObA " ObW and p´q´" 1, A is precisely a lax functor from W to V , and 2-cells are 'icons' as so named in [6] . ‚ action natural transformations Module morphisms compose, and we get a category of modules between A and B, which we call ModenpW , V qpA , Bq. When V is locally cocomplete, ModenpW , V q becomes a bicategory equivalent to the bicategory of enriched modules ConvpW , V q-Mod, where Conv denotes the internal hom in Caten for the usual product of bicategories [5] .
Each functor F : A Ñ B defines a module F˚: A Þ Ñ B by taking
which is properly typed because of (5 we can form
and the natural transformation axiom (8) is shown by commutativity of
where the hexagon and the bottom right square are compatibility conditions between module morphism σ and actions (13) and (14) respectively.
Proposition 2.1. The functor
is full and faithful.
Proof. The processes of turning a natural transformation into a module morphism given by (17) and the one turning a module morphism of convergent modules into a natural transformation, given by (19), are inverse to each other, as shown by the commuting diagrams (22).
Comonads in Caten
Let G : V Ñ V be a comonad in Caten, that is, a 2-sided enriched category with enriched functors
satisfying the three comonoid axioms. The existence of the span morphism ObG Obǫ Ý Ý Ñ ObV forces G`" G´" pObǫqpGq ": G 0 , for all G. The two counit axioms give pObδqpGq " pG, Gq. With these simplifications, the remaining data for G is given by endofunctors
and natural transformations with components
satisfying enriched functor compatibility axioms, which together with the comonad axioms, correspond exactly to the monoidal comonad axioms dual to the opmonoidal monad axioms appearing in [2] .
G becomes a comonad in the usual sense (in Cat). Let V G denote a (soon to become) bicategory with the same objects as G and with homs the categories of EM-coalgebras
The identity coalgebra is p1 G 0 , η G q and composition is given on coalgebras by
The assigned pair does form a coalgebra: compatibility with δ is witnessed by commutativity of
where the upper left square is a componentwise compatibility of local coalgebras γ with comultiplication, the bottom left square is naturality of µ, the triangle is the definition of composition for the composite category, and the remaining square is compatibility of the enriched functor δ with compositions in its source and target, which one can also identify as a typical bimonoid (bialgebra) axiom. Similarly, ǫ being an enriched functor implies compatibility of (30) with ǫ. The assignment extends to coalgebra morphisms, which follows directly from naturality of µ. The unitors and associators are inherited from V , they are coalgebra morphisms, and satisfy the usual monoidale axioms as they do in V .
There is an underlying (strict) functor U : V G Ñ V sending G to the underlying object G 0 in V , and disregarding the colagebra structure on homs. By construction, each U 
Now we have an adjunction in Caten.
The counit and the unit of the adjunction are given by the enriched functors
Now we present a version of Beck's theorem that we are going to use in the rest of the chapter.
gives rise to an equivalence to W » V G , where G is the generated comonad G " L˝R.
Proof. As was shown in [5] , L has a right adjoint if and only if it is a pseudo-functor and each functor L pL, L 1 q has a right adjoint, call it RpL, L 1 q. Then, the right adjoint R has the same objects as L (and W , since L is a pseudo-functor), and homs are precisely RpL, L 1 q. From the usual Beck (co-)monadicity theorem it follows that W » V G : they have the same objects and equivalent homs.
The category CatenpX , V q has an induced comonad CatenpX , G q on it. In particular, when X " V G there is a natural coalgebra structure on U given by an enriched functor
whose components are exactly γ v : v ñ G v.
Lemma 3.1. Let X be a bicategory. Whiskering with U (40) is conservative and the source has, and pU˝´q preserves, pU˝´q-split equalizers.
Proof. Let M, N : A Þ Ñ B be modules, and σ : M ñ N a module morphism, with components
which are 2-cells in V G , natural in x P X AB´.
Let ψ : U˝M ñ U˝N be an inverse of U˝σ. This precisely means that the component Consider a pair σ, χ : M ñ N with a split equalizer
meaning that we have the following componentwise formulas:
This in particular means that the pair pσ ù ùùùùù ñ G AB`E A B pxq . The action components for the module E are coalgebra morphisms, the proof for λ (dually for ρ) comes from the diagram (48) (all indices can be deduced from the top left term).
Diagrams for compatibility of actions of E with units and multiplications in A and B are the same as the ones for U˝A and U˝B. This proves that E : A Þ Ñ B is a module. Components pξ A B q x are natural in x, and compatible with actions of E as coalgebra morphisms because they are natural and compatible as usual arrows. This proves that ξ is a module morphism between E (with coalgebra structure) and M.
It remains to show that ξ is an equalizer of σ and χ, so assume L ω Ý Ñ M is another V G -module morphism satisfying σ ‚ ω " χ ‚ ω. The components of φ ‚ ω, obtained by composing components of φ and ω, are coalgebra maps since U is locally comonadic, and naturality in x and compatibility with actions follows as for ξ. (49) is conservative and the source has, and pU˝´q preserves, pU˝´q-split equalizers.
Proof. This is a direct consequence of Proposition 2.1, Lemma 3.1, and commutativity of p´q˚with U˝´.
Proposition 3.2. The bicategory V G is an EM-object for the comonad G in Caten.
Proof. Mapping out of X , CatenpX ,´q : Caten Ñ 2-CAT (50) is a pseudo-functor, therefore preserves adjunctions. In particular, applying it to (36) gives
The composite is isomorphic to CatenpX , G q, and what remains to show is that U 1 is comonadic in the sense of Proposition 3.1. It has a right adjoint R 1 , and the rest follows from Corollary 3.1.
Hopf comonads and extension creation
is invertible. This is equivalent to (left) Hopf maps
being invertible.
Proposition 4.1. The inverse fusion maps are G -compatible in the first variable, meaning
as well as compatible with any coalgebra structure existing on vProof. Consider two coalgebras pu, γ u q and pv, γ v q whose underlying arrows have a left extension k " lan v u as shown
The universal property of left Kan extensions says there is a bijection
The obtained arrow γ k defines a coalgebra structure on k, where the compatibility with δ and ǫ follows from
The 2-cell κ is a coalgebra morphism, which is obvious after substituting v´1 in (62). To see that κ exhibits pk, γ k q as a left extension of pu, γ u q through pv, γ v q, consider a coalgebra pl, γ l q : G 1 Ñ G 2 , and a coalgebra morphism φ : u ñ l b v. In V , the Kan extension universal property gives
we see thatφ is a coalgebra morphism.
Recall that m having an adjoint is equivalent to the existence of a left Kan extension lan m 1 M which is respected by m; that is, m˝lan m 1 M " lan m m. Proof. Being a pseudo functor, U preserves adjoints. The other way around, assume Un has a right adjoint, that is both lan U n 1 U N and lan U n Un exist. From the previous theorem, lan n 1 N exists and n˝lan n 1 N is taken to Upn˝lan n 1 N q -Un˝lan U n 1 U N -lan U n Un which creates lan n n. Theorem 4.2. If V is locally cocomplete then the induced underlying functor is well-defined
and it is comonadic in CATEN. Denote its right adjoint by r R. If R preserves local colimits, and G is Hopf, then the induced comonad r G :" Ă U˝r R is also Hopf.
Proof. We will consider the case when X is the terminal bicategory: then N " V G -Mod, and M " V -Mod. By Proposition 7.5 of [5] , Ă U is a lax functor. First we show that it has local right adjoints r R B A given by
where α denotes a 2-sided action (the analogous 1-sided actions are denoted by λ and ρ) and the assignments are defined by
p r Rαq
Actions r Rα, (or separately r Rλ and r Rρ) are compatible with unit and composition in A and B. For example, compatibility of ρ with composition is shown by commutativity of the diagram (73).
(73) In this, the non-obvious equalities might be the top pentagon, which is just stating that components of µ pBq are coalgebra morphisms, naturality of µ squares, and the bottom right square obtained by applying R to compatibility of ρ with µ pU˝Bq . Similarly, components of η pBq being coalgebra morphisms leads to compatibility of r Rρ with η pBq . Compatibility of r Rσ with r Rρ (and r Rλ) follows directly from the compatibility of σ with ρ (and λ). 
They form module morphisms, as proved by diagrams
and they satisfy the adjunction axioms because γ and ǫ do. Since Ă U has local right adjoints, it preserves local colimits, which, together with pseudofunctoriality of U , gives sufficient conditions for pseudofunctoriality of Ă U ,
U is a pseudofunctor and has local right adjoints, by Proposition 2.7 of [5] , r R extends to a 2-sided enriched category which is a right adjoint to Ă U . Ă U also satisfies the other two conditions of Proposition 3.1 as stated in Lemma 3.1. This completes the proof that Ă U is comonadic.
Explicitly, the unit for r R is a module morphism defined using the enriched functor (38) A review of (differential) graded abelian groups is available in [7] . In the diagram
functors U and Σ forget differential and take a sum of all components of the graded abelian group. They are both Hopf-comonadic, and by Theorem 4.1 create duals and cohoms. An abelian group A has a dual if and only if it is finitely generated and projective [11] . As a consequence of Σ being Hopf-comonadic, a graded abelian group A has a dual if and only if it has finitely many non-zero components each of which is finitely generated and projective. As a consequence of U being Hopf-comonadic, a chain complex A has a dual if and only if its underlying graded abelian group does.
Example 4.2. Since U is a left adjoint it preserves colimits, so by the Theorem 4.2 the change of base functor r U creates Cauchy modules.
